A new class of anisotropic and inhomogeneous pattern forming systems is identified and investigated. Herein branched stripe patterns emerge, being stable for a range of different wavenumbers and different numbers of branching points (defects) at identical parameters. In addition, they coexist with unbranched, defect-free stripe patterns over a finite range of parameters. These patterns occur for spatial parameter modulations along the direction perpendicular to the preferred one. We propose two experimental systems where this surprising coexistence of stable unbranched and branched patterns can be investigated: surface wrinkling on elastic substrates and electroconvection in nematic liquid crystals. Apart from representing new generic scenarios in pattern formation, tunable branched wrinkling patterns may lead to applications for nanoparticle ordering and sorting.
A new class of anisotropic and inhomogeneous pattern forming systems is identified and investigated. Herein branched stripe patterns emerge, being stable for a range of different wavenumbers and different numbers of branching points (defects) at identical parameters. In addition, they coexist with unbranched, defect-free stripe patterns over a finite range of parameters. These patterns occur for spatial parameter modulations along the direction perpendicular to the preferred one. We propose two experimental systems where this surprising coexistence of stable unbranched and branched patterns can be investigated: surface wrinkling on elastic substrates and electroconvection in nematic liquid crystals. Apart from representing new generic scenarios in pattern formation, tunable branched wrinkling patterns may lead to applications for nanoparticle ordering and sorting. Pattern formation is one of the most fascinating and intriguing phenomena in nature [1, 2] . It takes place in a wide variety of physical, chemical and biological systems and on disparate spatial and temporal scales, for example, convection phenomena in geoscience [2, 3] or in liquid crystals [4] [5] [6] , environmental patterns [7] [8] [9] , or patterns in chemical reactions [10, 11] and bacterial colonies [12] . In some circumstances pattern formation is undesired, for instance the formation of spiral waves that lead to cardiac arrhytmias in the heart muscle [13] . In most contexts, however, pattern formation is even essential for the functioning of a system, for example in embryo development [14] or when designing surface wrinkling patterns to fabricate nanometer-scale structures [15, 16] .
The specific mechanisms behind pattern formation in different systems are rather diverse. Nevertheless, patterns such as stripes or hexagons, occurring in various systems, share common properties which may be described by universal amplitude equations [2, 17] . Generating, modifying or eliminating patterns hence either requires a profound understanding of the pattern forming mechanism in a specific system or, complementary, of the qualitative behavior within the given universality class of patterns. Pattern interventions involve feed back control [11] or symmetry breaking via spatial forcing [18] [19] [20] [21] [22] [23] [24] , forcing in time [25] [26] [27] , or spatiotemporally [28, 29] . Spatial forcing near resonance (between the forcing wavelength and the natural one) can lead to locked-in patterns or to so-called incommensurate patterns [18, 19] . Symmetry breaking via long-wave spatial modulations can render stationary patterns time dependent [30] [31] [32] [33] .
In this letter, we identify and investigate a new class of quasi two-dimensional (2D) anisotropic systems, that form stable, spatially periodic stripe patterns, as shown in Fig. 1 . In this suggested symmetry class the wave vectors of patterns lie nearq 0 along the preferred direction (chosen along x), and the translational symmetry is broken by parameter modulations along the perpendicular direction y. Straight stripes, cf. Fig. 1 (a) , are stable for wavenumbers in a finite range aroundq 0 , similar as in numerous spatially homogeneous systems [2] . Surprisingly, branched stripe patterns as in Fig. 1 (b) and (c) (or patterns including a different defect number) are stable at identical parameters as the straight stripes. Moreover, for a given parameter set, one finds a whole spectrum of branched stripe patterns having different wavenumbers and numbers of defect pairs. This behavior corresponds to a generalization of the wave number bands for homogeneous systems [34] [35] [36] [37] [38] to inhomogeneous systems and multiple patterns. As a representative of the proposed symmetry/universality class, a generic model is introduced and analyzed. To incite experiments to thoroughly study the described phenomena, we suggest and briefly discuss two anisotropic systems, surface wrinkle forming systems [15, 16, 39] (where single branching patterns have been observed, see e.g. [40] ) and electroconvection (EHC) in nematic liquid crystals [4, 6] . A generic model for periodic patterns in anisotropic -but homogeneous -2D systems has been proposed in Ref. [41] . Here we generalize the model for a real field u(x, y, t) to an inhomogeneous situation by introducing a spatial variation of the pattern's natural wavenumber q 0 ,
with the modulation amplitude M and the (small) modulation wavenumber k m ≪q 0 :
The first line corresponds to the original model in Ref. [41] , but q 0 (y) now depends on y and the second line includes the terms induced by the modulation. Eq. (2) is a generic representative for the here-identified symmetry class. Note that, similar to the homogeneous version [41] , Eq. (2) can be derived from a functional. W = 1, c = 0.5 andq 0 = 1 have been chosen throughout this work. Close to the onset of the patterns as in Fig. 1 , their generic properties may be described by a (nonlinear) dynamical equation for the (complex) envelope A(x, y, t), considering u(x, y, t) = Ae iq0x + A * e −iq0x . This reduction method, the so-called multiple scale analysis, is well established for supercritical bifurcations in homogeneous isotropic [2, 42] and anisotropic systems [5, 41] or inhomogeneous ones [31] . With a scaling M ∝ ε 1/2 and k m ∝ ε 1/2 , a multiple scale analysis applied to Eq. (2) yields the generic amplitude equation for the identified universality class of patterns:
Upon derivation from Eq. (2), one obtains the relations ξ Further details can be found in Ref. [43] . The generic phenomenon of the branching of stripe patterns, as detailed below, is induced by the term ∝ M ∂ x A and the term ∝ M 2 A only leads to quantitative modifications. Hence for all specific pattern forming systems in this class, e.g. wrinkling or modulated EHC, Eq. (3) is expected to provide a good description close to onset; only the dependences of the coefficients on the underlying system parameters will differ.
The modulation of the natural wavenumber, Eq. (1), alters the bifurcation from the homogeneous base state (with vanishing u, A) towards stationary periodic solutions of the form A(x, y) = e iQx H(y). The stability of the latter with respect to small perturbations v(x, t) ∝ e σt+iKx can be determined via the ansatz A(x, y, t) = e iQx [H(y) + v(x, y, t)], followed by a linearization of Eq. (3) with respect to small v and expansion in Fourier modes. The resulting equation for v is linear and leads to an eigenvalue problem for the growth rates σ, whereby solutions are stable when all eigenvalues have negative real parts.
The neutral stability condition for the base state, Re(σ max (ε, Q)) = 0, determines the so-called neutral curve ε N (Q): above this curve, A = 0 is unstable and stationary periodic solutions of finite amplitude exist. The neutral curves are shown in Fig. 2(a) for the unmodulated case (dashed line) and for a small modulation (solid line). Both curves have their minimum at Q = 0. ε N (0) is shifted to positive values for M = 0, caused by the term ∝ M 2 A in Eq. (3). Interestingly, beyond a critical value of M , here M c = 0.0459 forq 0 = 1 and k m = 0.1, the neutral curve develops two minima at finite wave numbers Q = ±Q min , as shown by the solid line in Fig. 2(b Fig. 2(c) . The fact that the modulation along the y-direction causes two minima of the neutral curve for the wavenumber Q along the perpendicular xdirection (which still has translational symmetry) is crucial for the emergence of the branched patterns: it favors solutions with finite Q.
Beyond the neutral curve, ε > ε N (Q), the stationary solutions A = e iQx H(y), with H(y) being 2π/k m periodic along y, correspond to modulated stripes as shown in Fig. 3(a) . In the homogeneous case H = (ε − ξ 2 x Q 2 )/g is constant and the periodic solutions are stable with respect to small perturbations above the dotted line in Fig. 2(a) , the so-called Eckhaus-stability boundary ε E (Q). Note, in 2D anisotropic systems the range of stable periodic solutions (along x) is symmetric with respect to Q = 0 [41] , i.e. the zig-zag instability occurring in isotropic systems for Q < 0 is absent. For small modulations, M < M c , the Eckhaus stability range of the modulated stripe patterns is qualitatively unchanged, as shown by the red region in Fig. 2(a) : it still touches ε N (Q) at Q = 0, as in the homogeneous limit. Quantitatively, however, the modulation widens the neutral curve and reduces the width of the Eckhaus stability range.
Concomitant with the emergence of the minima in the neutral curve, a striking change in the stability scenario occurs upon increasing the modulation beyond the threshold M c : i) As shown in Fig. 2(b) , a gap opens between the neutral curve and the stability range (red) of the modulated stripe patterns. Hence in the gap, the solutions with A = e iQx H(y) are always unstable. ii) Instead, stable branched patterns emerge, like those shown in Figs. 1(b), 1(c) and Fig. 4 . The gap between the local maximum of the neutral curve and the minimum of the stability range increases nonlinearly with M − M c , as shown in Fig. 2(d) . iii) Within the range of stable unbranched patterns [red in Fig. 2(b) ] both branched and unbranched patterns are stable for identical parameter sets, i.e. they coexist. Which pattern will form in this region depends on the initial conditions, as well as in general on the boundary conditions. Eq. (2) and Eq. (3) can be derived from functionals, which take for stationary patterns the simple form [43] :
Using the energy density f = F/L x L y with the domain area L x L y , one can hence determine which stable pattern has the lowest energy for a given set of parameters, and will thus be energetically preferred. Within the red region in Fig. 2(b) we have calculated the energy densities for unbranched patterns, f s , and for branched patterns, f d . The difference δf = f s − f d for representative patterns is shown in Fig. 3(c) as a function of the control parameter ε and for three different wave numbers Q. For small ε, the branched pattern has lower energy. The unbranched pattern, in turn, is preferred only at considerably larger ε. The crossover can be understood, since the modulation becomes less important for a large overall control parameter ε. For a system with a potential (like elastic wrinkles), the functional directly determines the energy of different stationary solutions. Nevertheless, in extended systems, the periodic pattern with the lowest free energy is not always reached and the final pattern depends also on the initial and boundary conditions [44] . The second central result concerns the fact that -for a given set of parameters -we find a broad spectrum of different, stable branching stripe patterns that are characterized by different numbers of branching points and wavelengths. Fig. 1 shows two examples out of this spectrum, containing 5 and 7 pairs of branching points. Different stable branched patterns are obtained by starting with different initial conditions. The branching points (defects) have opposite topological charges in the two half periods π/k m along y, and therefore repel each other. With increasing branching point density, this leads to a zig-zag ordering of the defects, cf. Fig. 4(a) vs. (b) , and can even lead to more complex ordering, as the cascadelike pattern shown in Fig. 4 (c) for a higher modulation amplitude.
The observed spectrum of stable branched patterns changes continuously with the parameters, similar to the so-called Eckhaus wavenumber-band of stable periodic stripe patterns in homogeneous systems [34] [35] [36] [37] [38] : there, the notion Eckhaus band is well established and has been experimentally verified, for instance in EHC [36] and in axisymmetric Taylor-Vortex flow [37, 38] . As is the case for patterns with different Q in homogeneous systems [35] , also the stable branched patterns in Fig. 1 have different energy densities f . To understand the dynamics of patterns, however, in addition the excitations needed for transitions from one stable periodic pattern to another are important. In homogenous systems, the intermediate excited patterns are the so-called saddle point solutions [35] . In the here-discussed system class, analogous intermediate states may separate either two patterns of different wavenumbers, or patterns containing different numbers of branching points, or both. A detailed char-acterization of the spectrum of stable branched patterns, including the required excitations, is a challenging future task that will be crucial for the development of effective tools to control and design specific branching patterns. The phenomena identified here -the coexistence of unbranched and branched patterns, and the emergence of broad spectra of branched patterns -are robust and insensitive to the special form of the chosen modulation. Studying the generic model, Eq. (2), and imposing instead of a harmonic modulation either an anharmonic long-wavelength modulation or a step-wise one, we obtain qualitatively the same results [43] . Consequently, instead of harmonic variations, which may be challenging to implement in experimental systems, other modulations might be used to observe the presented generic phenomena. For instance, for surface wrinkles a step-like modulation can be easily achieved by glueing two elastomers with different elastic properties together [45] or to use concepts as proposed in Refs. [39, 46] . On the other hand, how the ordering of branching points can be controlled by the magnitude, the wavelength and the anharmonicity of the modulation is an interesting and fundamental question.
The generic scenarios of branched patterns within the suggested symmetry class were analyzed in terms of a universal model equation. They may be verified experimentally and further investigated in two 2D anisotropic systems: dissipative electroconvection (EHC) in nematic liquid crystals [4] [5] [6] and wrinkles formed in elastic (hence potential) systems [16] . In EHC the pattern's wavelength is proportional to the height of the convection cell and depends on the frequency of the driving voltage. Therefore, a spatial variation perpendicular to the nematic alignment, of either the layer height or the driving frequency will allow to implement the proposed wavenumber modulation. In wrinkle forming system, the elasticity of the substrate and/or the thickness of the hard layer on top can be varied perpendicular to the pre-stretching direction. Such a system has been experimentally realized recently [45] , albeit for a modulation parallel to the anisotropy. For both systems, a thorough theoretical analysis of the modulated basic equations is feasible, including the equation of the patterns envelope, i.e. Eq. (3). For the wrinkle system, there is a vast literature about wrinkle formation and control strategies, but the notion of pattern coexistence seems to have not even been raised yet. Studies along the lines proposed here, including quantitative comparisons between theory and experiments, will prove powerful for future control and design of branched wrinkle structures, as used today for microcontact printing or the ordering and sorting of nanoparticles [47] . The dynamics of branch points in stripe pattern on the skin of fish [48] , an important example in the field of living systems, is probably induced by inhomogeneities similar as discussed in this work, but slowly changing with time.
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